Published by Institute of Physics Publishing for SISSA/ISAS Received: June 5, 2003 Accepted: July 3, 2003

Super background field method for N = 2 SYM

Pietro A. Grassi

C.N. Yang Institute for Theoretical Physics, SUNY at Stony Brook Stony Brook, NY 11794-3840, USA E-mail: pgrassi@insti.physics.sunysb.edu

Tobias Hurth

CERN, Theory Division, CH-1211 Geneva 23, Switzerland and SLAC, Stanford University Stanford, CA 94309, USA E-mail: tobias.hurth@cern.ch, hurth@slac.stanford.edu

Andrea Quadri

Max-Planck-Institute for Physics (Werner-Heisenberg-Institute) Föhringer Ring 6, D-80805, Munich, Germany E-mail: quadri@mppmu.mpg.de

Abstract: The implementation of the Background Field Method (BFM) for quantum field theories is analysed within the Batalin-Vilkovisky (BV) formalism. We provide a systematic way of constructing general splittings of the fields into classical and quantum parts, such that the background transformations of the quantum fields are linear in the quantum variables. This leads to linear Ward-Takahashi identities for the background invariance and to great simplifications in multiloop computations. In addition, the gauge fixing is obtained by means of (anti)canonical transformations generated by the gauge-fixing fermion. Within this framework we derive the BFM for the N = 2 super-Yang-Mills theory in the Wess-Zumino gauge viewed as the twisted version of Donaldson-Witten topological gauge theory. We obtain the background transformations for the full BRST differential of N = 2 super-Yang-Mills (including gauge transformations, SUSY transformations and translations). The BFM permits all observables of the supersymmetric theory to be identified easily by computing the equivariant cohomology of the topological theory. These results should be regarded as a step towards the construction of a super BFM for the Minimal Supersymmetric Standard Model.

Keywords: Renormalization Regularization and Renormalons, Topological Field Theories, BRST Symmetry, Extended Supersymmetry.

© SISSA/ISAS 2003 http://jhep.sissa.it/archive/papers/jhep072003008 /jhep072003008 .pdf

Contents

1. Introduction 1

2. Geometry of BFM 4 2.1 Symmetries and non-linear splittings 4 2.2 BV formulation of the splitting problem 8 2.3 A shortcut 13 2.4 A simple example 14 2.5 Background gauge fixing 16

3. N = 2 super Yang-Mills 19 3.1 Topological Yang-Mills theory 19 3.2 Equivariant cohomology for TYM and the BFM 23

4. Conclusions and outlook 26

A. BRST transformations for TYM 26

1. Introduction

One of the most efficient techniques to perform computations in the framework of quantum field theory and string theory is the background field method (BFM). By introducing suitable classical background fields in the theory, it is possible to derive local Ward-Takahashi identities, which implement the background gauge transformations. The latter should be linear in quantum fields, in contrast to the BRST symmetry, which yields non-linear transformations of the quantum fields and, correspondingly, the Slavnov-Taylor (ST) identities for the quantum effective action.

As a consequence, the Ward-Takahashi (WT) identities for the background gauge invariance relate Green’s functions at the same order of perturbation theory and they do not require the renormalization of those composite operators, associated to the BRST transformations, which are non-linear in the quantized fields.

At the level of the effective action, the background WT identities hold together with the ST ones, provided a suitable choice of a background gauge-invariant gauge-fixing has been performed. It turns out that the Green functions of physical BRST invariant operators can be computed by starting from the renormalized background gauge-invariant effective action, fulfilling the ST identities, after dropping the dependence on the quantum fields. The (physical) connected functions are then obtained by taking the Legendre transform with respect to the background fields, once a suitable gauge-fixing for the classical background

– 1 – fields is introduced [1, 2, 3]. It is this property, together with the advantages provided by the linearity of the WT identity in the process of renormalization [4, 5], that renders the BFM so appealing [6].

The fact that the correlation functions of gauge invariant observables can be equivalently computed within the BFM technique and with the conventional perturbative expansion (together with the conventional gauge fixing) can be expressed from the cohomological point of view by requiring that the dependence of Green functions upon the background fields be BRST trivial [1, 2, 3, 7]. This can be achieved by enlarging the BRST transformations to the background fields, in such a way that they form a set of BRST doublets together with their corresponding classical background ghosts. As a consequence, the BRST cohomology is unaffected by the presence of those new classical fields.

Such a procedure has been applied in [8, 5, 9, 10, 11, 12] to the case of models with closed algebras. In [8] the (non-linear) splitting of the scalar fields is achieved by using normal coordinates on the Riemann manifold [13], which leads to linear background gauge transformations of the quantum fields. On the other hand in [14] open gauge algebras within the Batalin-Vilkovisky (BV) formalism were studied, but the linear splitting of the fields is assumed from the beginning, so that it does not apply directly for example to those models where non-linear splittings are necessary in order to derive linear WT identities. This is the case for instance of N = 2 SYM, quantized in the Wess-Zumino gauge, or Donaldson-Witten theory, when one wishes to construct the background field transformations associated with the full BRST differential (including gauge transformations, supersymmetry transformations and translations).

In the Wess-Zumino gauge the supersymmetry transformations are non-linear. The most convenient way to handle the complete set of symmetries [15, 16] (gauge invariance, supersymmetry, R-symmetry, translations and Lorentz transformations) is to construct a generalized BRST operator fermionizing the parameters of the rigid symmetries. This leads to a set of ST identities, which is difficult to handle and to renormalize. For this reason, one would like to construct explicitly the background symmetry for the rigid and gauge symmetries of the model.

This requires a suitable change of variables, by which the original fields of the model are split into a background and a quantum part, with the requirement that the new quantum fields transform linearly under the background symmetry. If the existence of such a background symmetry can be established by solving the splitting problem, as we will discuss later, the classical action obeys the associated background WT identities.

In the case of supersymmetric theories the conventional BFM can be applied to implement background gauge invariance [17]. Applications of the gauge BFM in the superspace formalism have been discussed in [18]. However, the question of whether it is possible to extend the BFM to the full set of rigid and gauge symmetries — including SUSY transformations, R-symmetry, translations and Lorentz transformations — has to be studied.

At first, we clarify that non-linear splitting means that the relations (splitting functions) between the quantum fields and their backgrounds are characterized by complicated expressions involving higher order operators. Thus, the non-linear splittings are subject to modifications induced by radiative corrections and, consequently, they require new coun-

– 2 – terterms in perturbation theory. However, these functional relations can be constrained by symmetry requirements such as background gauge invariance and BRST symmetry and, finally, the linearity of the background transformations for quantum fields. If these conditions can be solved (existence of a solution of the splitting problem) classically, the corresponding WTI or STI would bring the same feature at the quantum level, namely the number of independent counterterms would be unchanged.

We first study the background splitting problem on a general ground in the BV formalism and we show how the antifields could help in the construction of the splitting functions. A by-product of this method is the implementation of the BFM by means of canonical transformations that guarantee that the physics of the model is not changed. In addition, also the rigid symmetries can be studied in the BV context by promoting the constant parameters of the rigid transformations to be constant ghosts.

In this paper, we briefly analyse the BFM in the Wess-Zumino model and present the BFM for the supersymmetry transformations within that model. Note that the Wess- Zumino model is an important element in the construction of the MSSM, as it represents both matter and Higgs sectors of the model. Moreover, after the elimination of the auxiliary fields, two supersymmetry transformations close on the equations of motion of the fermions. A naive application of the BFM requires an independent background action for the fermions. However, the latter is excluded by the invariance under the BRST transformation of the background fields Nevertheless, we show how this situation can be handled within the BV formalism by introducing a further field-antifield pair, which is required in order to take care of the closure in the background algebra.

We the consider N = 2 SYM in the Wess-Zumino (WZ) gauge (in the euclidean 4- dimensional spacetime). In this model the supersymmetry transformation of the gaugino is non-linear in the quantum fields, a feature also shared by N = 1 SYM in the WZ gauge [19]. The latter theory plays a distinguished rôle since it enters into the construction of the Minimal Supersymmetric Standard Model (MSSM) in the WZ gauge [15, 16], where most computations within MSSM have been carried out.

Having in mind N = 1 SYM, we will solve in this paper the splitting problem for N = 2 SYM, as a first step towards the study of N = 1 SYM. In the WZ gauge, N = 2 SYM presents some interesting features: the twisted formulation is equivalent to the Donaldson- Witten model. However, in the twisted theory the BRST differential has empty cohomology on the total space of polynomials in the fields and antifields [20]. This means that it is possible to find a redefinition of fields such that the BRST differential can be cast in the form of s U = V and sV = 0 of contractible pairs [20, 21, 22]. This simple form allows us to construct the linear splitting in the new variables and, mapping back to the original variables, the wanted non-linear splitting. The background gauge fixing is also studied and both the field redefinition and the gauge fixing procedure are achieved by means of canonical transformations.

A legitimate question is how to define the observables in the topological theory, in such a way that they can also be mapped back to the observables of the supersymmetric theory N = 2. Following [20], the observables are defined by computing the BRST cohomology in the space of polynomials with positive powers of the constant ghost ω (a twisted constant

– 3 – supersymmetric ghost). However, as pointed out in [23] the complete cohomology cannot be found in this way, and one has to impose further constraints. The main point is that the correct set of observables is identified in the topological version of the theory by means of the equivariant cohomology, as pointed out in [24]. Thus, one has to select the space of basic forms on whose space the BRST cohomology is computed. A practical method is to define the basic forms out of the complete space of local polynomials as the kernel of a new nilpotent anticommuting operator w which anti-commutes with the BRST symmetry. The new operator has been constructed in [24] and it turns out, by inspection, that it generates the background gauge transformations. Therefore, we conclude that observables are selected by computing the BRST cohomology on the space of background-invariant operators, which are independent of the background gauge ghost.

The paper is organized as follows. In section 2, we discuss the geometry of the splitting and extend the BRST symmetry to the background fields; in addition, we provide a general method, based on a cohomological analysis, to construct the BFM for a given model. This formulation, which relies on the BV formalism, can be applied to implement the BFM for generic models with field-dependent and open gauge algebras. In section 3, we apply the construction to the Donaldson-Witten model and to N = 2 SYM in the Wess- Zumino gauge. We construct the BFM for the full BRST differential, thus handling in the background formalism the full set of symmetries of the model (including gauge symmetries, SUSY transformations and translations). In section 3.2, the observables for N = 2 super- Yang-Mills are defined and the appendix contains some auxiliary material.

2. Geometry of BFM

2.1 Symmetries and non-linear splittings We denote by ξ_i the quantum fields and by ϕ̂_i their background partners. The original fields of the theory Φ_i are related to ξ_i and ϕ̂_i by functions Φ_i = Φ_i(ϕ̂_i, ξ_i). In the following we sometimes use the collective notation Φ = {Φ_i}, ϕ̂ = {ϕ_i}, and ξ = {ξ_i}.

At the classical level, the BRST transformations are described by the rules

s Φ_i = R^α_i [Φ(ϕ̂, ξ)]C_α , s C_α = 1 2 F^{βγ}_α [Φ(ϕ̂, ξ)]C_β C_γ , (2.1)

where C_α denote the ghost fields; R^α_i [Φ(ϕ̂, ξ)] are often assumed to be linear functions of the fields Φ. This requirement is fulfilled by many gauge theories for which the BFM has been implemented, as for instance Yang-Mills theory and the Standard Model. For the moment we limit ourselves to the case in which F^{βγ}_α are constant. F^{βγ}_α are antisymmetric in the βγ indices, they are related to R^α_j [Φ] by the algebra

R^α_j [Φ] δR^β_i [Φ] δΦ_j − R^β_j [Φ] δR^α_i [Φ] δΦ_j = F^{αβ}_γ R^γ_i [Φ] , (2.2)

and satisfy the Jacobi identities F^{β[γ}_α F^{δσ]}_β = 0. In the next subsection we will also consider more general situations where R^α_i [Φ(ϕ̂, ξ)] and F^{βγ}_α [Φ(ϕ̂, ξ)] are polynomial expressions of the fields, and the algebra (2.1) is closed only on-shell.

– 4 –

For the background fields, we assign the following transformation rules

s ϕ̂_i = Ω_i + R^α_i [ϕ̂]ĉ_α , s ĉ_α = θ_α + 1 2 F^{βγ}_α ĉ_β ĉ_γ , s Ω_i = Ω_j δR^α_i [ϕ̂] δϕ̂_j ĉ_α − R^α_i [ϕ̂]θ_α , s θ_α = F^{βγ}_α ĉ_βθ_γ , (2.3)

where ĉ_α are the backgrounds for the ghost fields associated to the background gauge symmetry. The new fields Ω_i and θ_α are introduced in order to control the dependence of the theory upon the background fields ϕ̂_i and the background ghosts ĉ_α. The BRST transformations in eq. (2.3) are nilpotent if the functions R^α_j [ϕ̂] are linear. It has been proven (see for example [25, 26, 27]) that the BRST cohomologies H(s) and H(s|d) are independent of the fields ϕ̂_i, ĉ_α, Ω_i and θ_α and, therefore, the physical observables are not affected by the inclusion of such additional variables.

Notice that the structure of the BRST transformations for the background fields and the ghosts resemble the BRST symmetry for topological models [28]. This observation has been used in [29] to analyse the BRST cohomology for topological sigma models and will play a rôle in the forthcoming analysis.

The next step is to split the fields Φ_i into a quantum and a classical part

Φ_i = ϕ̂_i + Π_i(ϕ̂, ξ) , (2.4)

where Π_i(ϕ̂, ξ) = O(ξ), in such a way that the background gauge transformations of the quantum fields ξ_i are linear in the quantum fields [8]. This leads to simple linear Ward- Takahashi identities for the Green functions. We start with the most general ansatz

s ξ_i = P^α_i (ϕ̂, ξ)C_α + S^α_i (ϕ̂, ξ)ĉ_α + Q^j_i (ϕ̂, ξ)Ω_j , (2.5)

where P^α_i (ϕ̂, ξ), Q^j_i (ϕ̂, ξ) and S^α_i (ϕ̂, ξ) are differential operators depending on background and quantum fields. The linearity condition for the background transformation of ξ_i yields S^α_i (ϕ̂, ξ) to be linear in ξ_i. A linear splitting means that also Π_i(ϕ̂, ξ) in eq. (2.4) is at most linear in ξ_i, but as we anticipate, this is not always possible.

By inserting the ansatz (2.5) in the transformation rules (2.1), we derive the following equations

R^α_k [Φ(ϕ̂, ξ)] = P^α_i (ϕ̂, ξ) δΠ_k δξ_i , 0 = ( δ^k_i + δΠ_i δϕ̂_k ) + δΠ_i δξ_l Q^k_l (ϕ̂, ξ) , 0 = ( δ^k_i + δΠ_i δϕ̂_k ) R^α_k (ϕ̂) + δΠ_i δξ_k S^α_k (ϕ̂, ξ) , (2.6)

which can be viewed either as consistency conditions for the functions P^α_i (ϕ̂, ξ), Q^j_i (ϕ̂, ξ) and S^α_i (ϕ̂, ξ), given the splitting functions Π_i(ϕ̂, ξ), or as a constructon tool to obtain the splitting, by assuming the transformation rules (2.5).

– 5 –

For example, by eliminating the combination (1 + δΠ/δϕ̂) from the second and the third equation, and by assuming that δΦ_i/δξ_l is an invertible matrix, one has

S^α_l (ϕ̂, ξ) = Q^k_l (ϕ̂, ξ)R^α_k (ϕ̂) , (2.7)

which implies that also the function Q^k_l (ϕ̂, ξ) is linear in the quantum fields ξ_i.

In some cases S^α_i (ϕ̂, ξ) turns out to be non-linear in the fields ξ_i. Moreover, it can happen that the BRST transformation of the ghost fields is non-linear in the fields ξ^i. In this case it is necessary to decompose also the original ghost fields C^α in (2.1) into C^α = ĉ^α + G^α_β (ϕ̂, ξ)ξ^β_C where ĉ^α is the background ghost introduced in (2.3). In order to respect the ghost number, the function G^α_β (ϕ̂, ξ) depends on zero-ghost number fields. Equation (2.5) now reads

s ξ_i = P^α_i (ϕ̂, ξ)G_{αβ} (ϕ̂, ξ)ξ^β_C + S^α_i (ϕ̂, ξ)ĉ_α + Q^j_i (ϕ̂, ξ)Ω_j , (2.8)

where S^α_i (ϕ̂, ξ) = P^α_i (ϕ̂, ξ) + S^α_i (ϕ̂, ξ). The splitting of the ghost fields is chosen in such a way that S^α_i (ϕ̂, ξ) is a linear function of the quantum fields, namely of ξ.

For Yang-Mills theory [4], we can identify the symbols in eqs. (2.6) and (2.8) with the conventional notation: ϕ̂_i ≡ Â^α_μ , ξ_i ≡ Q^α_μ , R^α_k (Φ) ≡ ∇^a_μ and Q^k_l (ϕ̂, ξ) ≡ δ^a_b δ^μ_ν . It is easy to see that Π^a_μ(Â, Q) = Q^a_μ solves eq. (2.6) and eq. (2.7). Notice that there is a more general solution to eqs. (2.6) with Π^a_μ(Â, Q) = Θ^{ab}_{μν} (Â)Q^ν_b , where Θ^{ab}_{μν} (Â) is a combination of background gauge invariant operators. From equation (2.3) we see that

sÂ^a_μ = Ω^a_μ + ∂_μĉ^a + f^{abc}Â^b_μĉ^c . (2.9)

Then from eq. (2.1) we obtain

sQ^a_μ = ∂_μ(C^a − ĉ^a) + f^{abc}Â^b_μ(C^c − ĉ^c) + f^{abc}Q^b_μC^c − Ω^a_μ . (2.10)

By splitting the original ghost C^a into C^a = ĉ^a + ξ^a_C we can rewrite (2.10) in the following way sQ^a_μ = ∂_μξ^a_C + f^{abc}Â^b_μξ^c_C + f^{abc}Q^b_μξ^c_C + f^{abc}Q^b_μĉ^c − Ω^a_μ . (2.11)

The background transformation of Q^a_μ has to be identified with the fourth term in the above equation, which is of order 1 in the ghost background ĉ^a. This leads to the identification S^α_i (ϕ̂, ξ) ≡ f^{abc}Q^b_μ. Moreover, the third term is bilinear in the quantum fields and P^α_i (ϕ̂, ξ)G_{αβ} (ϕ̂, ξ) ≡ ^∇^{ab}_μ − f^{abc}Q^c_μ. A suitable choice of the splitting of ghost fields simplifies the structure of quantum gauge transformations.

For non-linear sigma models (cf. [8]), the gauge transformations (2.1) for the coordinates Φ_i of the manifold are replaced by diffeomorphisms R^α_i (Φ)C_α → v_i(Φ), where v_i are the components of a vector field^1 and eqs. (2.6) are rewritten in the form

v_i(Φ) = ( δ^k_i + δΠ_i δϕ̂_k ) v_k(ϕ̂) + ξ_l∂^lv_k(ϕ̂) δΠ_i δξ_k 1The transformations δΦi = vi(Φ) are rigid transformations from the worldsheet point of view. They can be translated into BRST transformations by decomposing v(Φ) into power series and fermionizing the coefficients: v(Φ) = ∑ n vnΦ^n → ∑ n cnΦ^n where cn are an infinite set of constant anticommuting ghosts. Then, we have s Φi = ∑ n cnΦ^n and s cn = ∑ m (m − n)cm−ncn. The latter are the usual BRST transformations for the ghost fields for the Virasoro algebra.

– 6 –

0 = ( δ^k_i + δΠ_i δϕ̂_k ) + δΠ_i δξ_l Q^k_l (ϕ̂, ξ) , (2.12)

and S_i(ϕ̂, ξ) = ξ_k∂^kv_i(ϕ̂).^2 Following [8], we can use an interpolating field Φ_i(t), which satisfies the geodesic equations for a given connection Γ^i_{jk} and construct a solution to (2.12)

Φ_i(ϕ̂, ξ) = ϕ̂_i + Π_i(ϕ̂, ξ) , Π_i(ϕ̂, ξ) = ξ_i + χ_i(ϕ̂, ξ) , χ_i(ϕ̂, ξ) = − ∞∑ n=2 1 n! Γ^{j1...jn} i (ϕ̂)ξ_{j1} . . . ξ_{jn} , (2.13)

where Γ^{j1...jn}_i (ϕ̂) are related to the covariant derivatives of the connection Γ^i_{jk} computed at the point ϕ̂_i. In this example we can easily justify the invertibility of the matrix^{δΦi}_{δξj} ; in fact, we have δΦ_i δξ_j = δ^j_i + O(ξ) (2.14)

and, by equations. (2.13), δΦ_i/δξ_j is invertible as a formal power series. Equation (2.13) provides an explicit and particular solution for the splitting. This is not the only possible solution compatible with a linear transformation of the quantum field S_i(ϕ̂, ξ) = ξ_k∂^kv_i(ϕ̂). However we point out that (2.13) turns out to be the most general solution (up to rotations in the ξ-space) for the background transformation of the quantum field.

Following these suggestions of the non-linear sigma model, we can deduce that the most general solution for S^α_i (ϕ̂, ξ) is given by

S^α_i (ϕ̂, ξ) = δR^α_i (ϕ̂) δϕ̂_j ξ_j . (2.15)

To prove this assertion, we insert equation (2.4) into the third of equations (2.6) and we expand up to the first order in ξ_j. We get

R^α_k [ϕ̂]+ δR^α_k [ϕ̂] δϕ̂_j δΠ_j δξ_p | | ξ=0 ξ_p+ · · · = R^α_k [ϕ̂]+ δ^2Π_k δϕ̂_iδξ_p | | | |_{ξ=0} ξ_pR^α_i [ϕ̂] δΠ_k δξ_j | | ξ=0 S^α_j | |_{ξ=0} + (2.16)

+ δΠ_k δξ_j | | |_{ξ=0} δS^α_j δξ_p | | |_{ξ=0} ξ^p+ δ^2Π_k δξ_iδξ_p | | |_{ξ=0} ξ^p S^αi |ξ=0 + · · · . By looking at the terms of order zero in ξ we get

R^α_k [ϕ̂] = R^α_k [ϕ̂] + δΠ_k δξ_j | | |_{ξ=0} S^αj | ξ=0 . (2.17)

This gives S^α_j |_{ξ=0} = 0 since^{δΠk}_{δξj} |_{ξ=0} is invertible. Then we look at the terms of order one in ξ in equation (2.16), by taking into account S^α_j |_{ξ=0} = 0 and the fact that^{δ2 Πk}_{δϕ̂iδξp} |_{ξ=0} = 0

2We remind the reader that if ξ is a vector field, it is natural to define δξ = Lv ξ, where Lv is the Lie derivative. This means that δ(ξi∂^i) = (ξ_k∂^kvi − v_k∂^kξi)∂^i. Assuming that ξi are constant and independent of ϕ̂i, we have δξi = ξ_k∂^kvi.

– 7 – because of the invertibility of^{δΠk}_{δξj} as a formal power series. We obtain δR^α_k [ϕ̂] δϕ̂_j δΠ_j δξ_p | | |_{ξ=0} = δΠ_k δξ_j | | |_{ξ=0} δS^α_j δξ_p | | |_{ξ=0} , (2.18)

and finally δS^α_i δξ_p | | |_{ξ=0} = δξ_i δΠ_k | | |_{ξ=0} δR^α_k [ϕ̂] δϕ̂_j δΠ_j δξ_p | | |_{ξ=0} . (2.19)

This means that up to a rotation in the ξ-space we recover equation (2.15).

2.2 BV formulation of the splitting problem

The main question is how to solve equations (2.6) or equations (2.12) to find the splitting for the fields Φ_i and for the ghost fields C^α.

For this purpose, we rewrite equations (2.6) in a different form, suitable for the direct application of the BV formalism and for a cohomological reformulation of the splitting problem. We work out the necessary formalism for the general case of an open algebra. It is convenient to introduce the antifields for each field of the model and to modify the classical gauge invariant action S_0 into S = S_0 + S_∗, where S_∗ is given by

S_∗ = ∫ ( Φ^{∗,i}s Φ_i + C^{∗,α}s C_α + ϕ̂^{∗,i}s ϕ̂_i + ĉ^{∗,α}s ĉ_α + Ω^{∗,i}s Ω_i + θ^{∗,α}s θ_α ) . (2.20)

S obeys the master equation

(S, S) = 0 . (2.21)

The bracket in equation (2.21) is defined by (X, Y ) ≡ ∫ ( δ_rX δφ^I δ_lY δφ^∗_I − δ_rX δφ^∗_I δ_lY δφ^I ) , (2.22)

where φ^I = {Φ^i, C^α, ϕ̂^i, ĉ_α, Ω_i, θ_α}, φ^∗_I = {Φ^{∗,i}, C^{∗,α}, ϕ̂^{∗,i}, ĉ^{∗,α}, Ω^{∗,i}, θ^{∗,α}}. In principle, one should not need antifields for classical fields such as the background fields ϕ̂_i and for their shifts Ω_i, but it turns out that they are needed in order to handle open algebras. Indeed, with antifields, one can easily accommodate general gauge algebras of the form R^α_j δR^β_i δΦ_j − R^β_j δR^α_i δΦ_j = F^{αβ}_γ [Φ]R^γ_i + M^{αβ}_{ij} [Φ] δS_0 δΦ_j , (2.23)

where F^{αβ}_γ [Φ] and M^{αβ}_{ij} [Φ] involve dynamical variables Φ_i. The algebra described by the generators R^α_j [Φ] is an open algebra and the last term in (2.23) takes into account those symmetries which are closed on the classical equations of motion δS_0/δΦ_j = 0. The latter term is not there in the case of a closed algebra of course. By consistency with the invariance of action S_0, one finds that M^{αβ}_{ij} [Φ] = −M^{αβ}_{ji} [Φ] and M^{αβ}_{ij} [Φ] = −M^{βα}_{ij} [Φ].

– 8 –

By using the antifields, the BRST transformations are modified into

s Φ_i = R^α_i [Φ] C_α + M^{βα}_{ij} [Φ] C_αC_βΦ^{∗,j} , s Φ^{∗,i} = δS δΦ_i . (2.24)

The fulfilment of the master equation in equation (2.21) requires that the action be changed by adding new terms that are quadratic in the antifields S → S + 1 2 ∫ M^{βα}_{ij} [Φ]C_αC_βΦ^{∗,i}Φ^{∗,j} . (2.25)

The nilpotency of the BRST transformation on the antifield Φ^{∗,j} then follows from the invariance of the action S_0 and of the antifield terms S_∗.

In more general cases, for example in case of reducible gauge theories, one usually needs new terms with higher powers of antifields and new ghost fields to parametrize the new symmetries.

We notice that, corresponding to the symmetry (2.24), we can introduce a background gauge symmetry, where we replace Φ and Φ^∗ with the background partners everywhere and the ghost C_α with the background ghost ĉ_α. In addition, we still have to add the shift fields generated by Ω_i and θ_α. At first one might think that the natural definition of the background symmetry for the background fields is:

s ϕ̂_i = R^α_i [ϕ̂] ĉ_α + M^{βα}_{ij} [ϕ̂] ĉ_αĉ_βϕ̂^{∗,j} + Ω_i , s ĉ_α = 1 2 F^{βγ}_α [ϕ̂]ĉ_βĉ_γ + θ_α . (2.26)

However, this would lead to a difficulty: in order to reproduce, for the background fields, the same gauge algebra as in equation (2.24), we should add to the classical action S new terms in order to generate the “closure terms,, proportional to the equations of motion. This is excluded by the presence of the shifts generated by the fields Ω_i and θ_α. In order to circumvent this problem we introduce new antifields, denoted by χ̂^{∗,j}, which replace the antifields ϕ̂^{∗,j} in equations (2.26)

s ϕ̂_i = R^α_i [ϕ̂] ĉ_α + M^{βα}_{ij} [ϕ̂] ĉ_αĉ_βχ̂^{∗,j} + Ω_i , s ĉ_α = F^{αβ}_γ [ϕ̂]R^γ_i [ϕ̂] + θ_α . (2.27)

Their transformation rules reproduce the correct algebra by imposing s χ̂^{∗,i} = ( δS_0[Φ] δΦ_i ) Φ→ϕ̂ + Ω^{∗,i}_χ + · · · , (2.28)

where (δS_0/δΦ_i)_{Φ→ϕ̂} is the classical gauge covariant equations of motion where the original fields Φ_i have been replaced by the background fields ϕ̂_i, Ω^{∗,i}_χ are the shift fields for χ̂^{∗,i} and the ellipsis denotes further terms with at least one power of antifields, eventually needed to guarantee the closure of the algebra.

The requirement of nilpotency of s on ϕ̂_i imposes a constraint on sΩ_i, while nilpotency on χ̂^{∗,i} yields a constraint for sΩ^{∗,i}_χ .

– 9 –

Finally, we can introduce the BRST transformations for the quantum fields ξ_i and their antifields ξ^∗_i . The only assumption we have to impose here is that the quantum fields should transform linearly under the background gauge transformations s ξ_k = ξ_l δR^α_k δΦ_l | | |_{Φ→ϕ̂} ĉ^α + 1 2 ĉ_αĉ_β N^{αβ}_{kj} [ϕ̂] ξ^{∗,j} + · · · s ξ^{∗,k} = ξ_l δS_0 δΦ_lδΦ_k | | Φ→ϕ̂ + · · · (2.29)

where the ellipses denote the BRST transformations generated by the quantum ghosts and by the shifts Ω_i. In order to compute these remaining terms of rules (2.28) and (2.29), one has to solve the master equation (2.21) with the bracket given in terms of φ^I = {ξ^i, ξ^α_C , ϕ̂^i, ĉ_α, Ω_i, θ_α, χ̂_i, Ω_χi }, φ^∗_I = {ξ^{∗,i}, ξ^{∗,α}_C , ϕ̂^{∗,i}, ĉ^{∗,α}, Ω^{∗,i}, θ^{∗,α}, χ̂^{∗,i}, Ω^{∗,i}_χ } (ξ^α_C and ξ^{∗,α}_C are the quantum ghost fields and their “quantum” antifields, respectively), with boundary conditions (2.27), (2.28) and (2.29). It is easy to check that in the case of the Yang-Mills theory and the non-linear sigma model, this leads to the usual splitting between quantum and classical fields. In more general cases, one has to show that there is at least a solution.

Notice that since all the fields and antifields in the background sector are classical fields, there is no distinction between a field and an antifield from the point of view of the quantization of the model. Ω^{∗,i} removes the reducibility between the “quantum,, antifield ξ^{∗,i} and the classical antifield ϕ̂^{∗,i}.

As an illustration of the previous considerations, we analyse a simple model, namely the N = 1 Wess-Zumino model [30]. There, the role of the antifields χ̂^{∗,i} and their shifts Ω^{∗,i}_χ will become clear. In this case the antifields χ̂^{∗,i} can be interpreted as the background counterpart of the auxiliary field F . The same thechnique has been used in [15].

The model is written in terms of the fields Φ_i = {A, ψ^α}, where A is a complex scalar field and ψ^α is a Weyl spinor.^3 We also introduce the ghost fields η^α for the supersymmetry and v^μ for the translations. Since there is no gauge symmetry, we consider only rigid supersymmetry transformations. By eliminating the auxiliary fields, the algebra of supersymmetry closes only on-shell. The problem can be reformulated in the context of the BV framework. The classical action S = S_0 + S_1 + S_2 reads

S_0 = ∫ d^4x ( |∂_μA|^2 − iψ^ασ^μ_{αβ̇} ∂_μψ̄^{β̇} ) , S_1 = ∫ d^4x (A^∗(sA) + ψ^{∗α}(sψ_α) + v^{∗μ}(sv_μ) + c.c.) ,

3The motivation to consider a BFM formulation for the Wess-Zumino models is related to the implementation of the BFM for the MSSM. There two Wess-Zumino models for the Higgs superfields H1 and H2 are coupled to the gauge invariant action in order to break the SU(2)L × UY (1) down to the subgroup UQ(1). In order to write a generalization of the ‘t Hooft-background gauge fixing for the MSSM, one needs to add the background fields for the scalar components of H1 and H2. In addition, in order to mantain the supersymmetry manifest, one has to add also the background for their superpartners.

– 10 –

S_2 = ∫ d^4x ( 2η^αψ^∗_α η̄_{β̇}ψ̄^{∗β̇} ) , (2.30)

where the BRST transformations are given by s A = 2η^αψ_α − iv^μ∂_μA , s ψ_α = −iσ^μ_{αβ̇}η̄^{β̇}∂_μA − iv^μ∂_μψ_α − 2η^α η̄_{β̇}ψ̄^{∗β̇} , s v^μ = −2η^ασ^μ_{αβ̇}η̄^{β̇} , s η^α = 0 . (2.31)

The BRST transformation of the fermion ψ_α contains the antifield ψ̄^{∗β̇} in order to take into account the closure on the equations of motion. This is reflected at the level of the classical action in the term S_2, quadratic in the antifields. We can derive the BRST transformations for the background field as

s Â = 2η̂^αψ̂_α − iv̂^μ∂_μÂ + Ω_A , s ψ̂_α = −iσ^μ_{αβ̇} ^̄η^{β̇} ∂_μÂ − iv̂^μ∂_μψ̂_α − 2η̂_α F̂ + Ω_{ψ α} ,

s v̂^μ = −2η̂^ασ^μ_{αβ̇} ^̄η^{β̇} + θ^μ_v , s η̂^α = θ^α . (2.32)

qThe fields Ω_A and Ω^α_ψ are the shift for the background fields Â and ψ̂_α and the fields θ^α and θ^μ_v are the background fields for the ghost fields η̂_α and v̂^μ. In the above equation we have reintroduced the auxiliary field F̂ . The BRST transformation rules are given by

s F̂ = −i^̄η^{β̇}σ̄^μ_{β̇α}∂_μψ̂^α − iv̂^μ∂_μF̂ + Ω_F , (2.33)

where Ω_F is the corresponding shift field. A simple exercise shows that, in order to mantain the nilpotency on ψ̂_α, one needs to impose the following transformation:

s Ω_{ψ α} = 2η̂_αΩ_F + iv̂^μ∂_μΩ_{ψ α} + iσ^μ_{αβ̇} ^̄η^{β̇}∂_μΩ̄_A + 2θ_αF̂ + iθ^μ_v ∂_μψ̂_α + iσ^μ_{αβ̇}θ̄^{β̇}∂_μÂ , (2.34)

which represents the supersymmetry algebra at the level of the fields Ω^α_ψ, Ω_F , Ω_A. They form a chiral multiplet.^4

We can avoid the introduction of the auxiliary fields by using an additional antifield, as outlined before. In order to distinguish the antifield ψ̂^{∗,α} (coupled to the BRST variation of ψ^α) from the new antifield, which is needed to reproduce the correct algebra at the level of the background fields, we will denote the latter by χ̂^{∗,α}.

The BRST transformation for the spinor ψ_α is correspondingly given by

s ψ̂_α = −iσ^μ_{αβ̇} ^̄η^{β̇}∂_μÂ − iv̂^μ∂_μψ̂_α − 2η̂_α ^̄η^{β̇}χ̂^∗_{β̇} + Ω_{ψ α} . (2.35)

By requiring the nilpotency of the BRST transformation, we find

s χ̂^∗_{α̇} = −iσ̄^μ_{α̇β}∂_μψ̂^β − iv̂^μ∂_μχ̂^∗_{α̇} + Ω^∗_{χ,α̇} . (2.36)

4Equations (2.33) and (2.34) can be obtained in a straightforward way by using a superspace technique: s X̂ ≡ η^αDαX̂ + v^μ∂μX̂ + Ω where X and Ω are chiral superfields and Dα is the covariant derivative. By imposing the nilpotency, s^2 = 0, one gets s Ω = η^αDαΩ + v^μ∂μΩ. This means that the fields Ω transform under the supersymmetry transformations as a chiral supermultiplet.

– 11 –

Ω^∗_{χ,α̇} is the shift for χ̂^∗_{α̇} and it guarantees that the cohomology is independent of the variables Ω^∗_{χ,α̇} and χ̂^∗_{α̇}. The BRST transformations for Ω_{ψα} and Ω^∗_{χ,α̇} can again be derived by imposing the nilpotency of s on ψ̂_α and χ̂^∗_{α̇}.

These BRST transformations (2.35) and (2.36) can be implemented within the BV formalism by coupling s ψ̂_α and s χ̂^∗_{α̇} to the corresponding conjugate variables (“antifields,,) ψ̂∗_α and χ̂_{α̇}. We notice that in the case of χ̂∗_{α̇} the “antifield,, is actually an external source with its own shift field Ω_{χ,α}.

This example shows that we have to introduce the antifields χ̂^∗ (or eventually the auxiliary fields) for each background field ϕ̂ on which the BRST differential squares to zero only modulo the equations of motion. This is needed in order to reproduce the correct algebra. In addition, each new antifield χ̂^∗ has to be paired with a corresponding shift Ω^∗_χ in order to enforce the triviality with respect to the BRST cohomology and to close the symmetry on the antifields χ̂^∗.

We also remark that by using antifields instead of auxiliary fields, we loose the multiplet structure. It seems that even in the cases where the auxiliary fields cannot be found in order to establish the closure of the algebra at the level of fields, the BV technique by means of antifields is able to supply the correct content of variables to close the algebra. However, the structure of superfields is no longer available.

We can finally go back to the initial question how to define the correct splitting between the quantum and the classical fields. The master equation (2.21) has to be solved in the appropriate space of variables (including the needed auxiliary antifields) φ^I = {ξ^i, ξ^α_C , ϕ̂^i, ĉ_α, Ω_i, θ_α, χ̂_i, Ω_χi } , φ^∗_I = {ξ^{∗,i}, ξ^{∗,α}_C , ϕ̂^{∗,i}, ĉ^{∗,α}, Ω^{∗,i}, θ^{∗,α}, χ̂^{∗,i}, Ω^{∗,i}_χ } with boundary conditions (2.27)–(2.29) and under the requirement that

S|_φ∗_{I =0,ξ}i_{=ξ}α_{C =Ωi=θα=χ̂i=Ωχi =0} = S_0[ϕ̂, ĉ] . (2.37)

S_0 is the original gauge invariant classical action. We will discuss in the next section the problems related with the background gauge-fixing.

In the case of closed algebras no auxiliary antifields are needed and condition (2.37) is fulfilled since the implementation of the BFM yields the replacement of the original fields Φ_i, C^α with

Φ_i = ϕ̂_i + Π_{ϕ,i} , C^α = ĉ^α + Π_{C,α} , (2.38)

where Π_{ϕ,i}, Π_{C,α} are functions of ϕ̂_i, Ĉ^α, ξ_i, ξ^α_C vanishing for ξ_i = ξ^α_C = 0.

For open gauge algebras the implementation of the BFM requires the extension of the space of variables in which the splitting problem can be defined (due to the introduction of the auxiliary fields). Equation (2.37) then provides the relation of the full classical action S with the original classical action S_0.

The methods needed to solve this problem vary with the model at hand. Sometimes cohomological methods can be applied [31]. It may happen that a suitable choice of the generators of the original BRST differential s is enough to obtain a solution. This is the case for instance of the Topological Yang-Mills (TYM) theory, where the Jordan form of the

– 12 –

BRST differential [32] can be reached by a suitable field redefinition. Notice that this is only possible if one introduces the relevant set of auxiliary fields (corresponding to the twisted auxiliary fields of N = 2 SYM in the WZ gauge). The use of the auxiliary fields reduces the open algebra problem to a closed algebra problem. In the space of variables which includes the auxiliary fields it can be proven that the field redefinition solving the splitting problem is actually a canonical transformation. We will deal with TYM in section 3.1.

2.3 A shortcut

Sometimes, there is an easy shortcut for finding the correct splitting functions. We notice that at first order Π_{ϕ,i} = ξ_i provides a solution to equations (2.6). This suggests that if we are able to find coordinate transformations (which will eventually be expressed by means of canonical transformations [33]) such that the r.h.s. of (2.1) becomes linear in the quantum fields ξ_i, the solution Π_{ϕ,i} = ξ_i gives an all-order solution to the problem (2.6) and this allows us to identify the splitting.

Let Φ^′ = Φ^′(Φ) be a suitable change of coordinates such that

s Φ^′_i = (R^′)^α_i [Φ^′]C_α , s C_α = 1 2 F^{βγ}_α [Φ(ϕ̂, ξ)]C_β C_γ (2.39)

and (R^′)^α_i [Φ^′] is at most a linear function of Φ^′. Then, Π_{ϕ,i} = ξ_i is the trivial solution to the splitting problem, namely Φ^′ = ϕ̂^′ +ξ_i. Converting back to the original variables (again by means of a canonical transformation), which yield the inverted relation Φ = Φ(Φ^′), we have Φ_i = Φ_i ( ϕ̂^′ + ξ_i ) = Φ_i ( ϕ̂^′(ϕ̂) + ξ_i ) = ϕ̂_i + Π_i(ϕ̂, ξ) , (2.40)

where we substituted ϕ̂^′_i = ϕ̂^′_i(ϕ̂). Notice that to invert the change of coordinates we use the theorem for implicit functions in power series.

In order to extend this analysis to more general theories, it is convenient to formulate the change of variables in the language of canonical transformations. The new set of fields and antifields are denoted by φ^{′I} and φ^{′∗}_I ; they are related to the original variables by means of the transformation rules

φ^{′I} = (Ψ, φ^I )^′ = δΨ[φ, φ^{′ ∗}] δφ^{′∗}_I , φ^∗_I = (Ψ, φ^∗_I ) = δΨ[φ, φ^{′ ∗}] δφ^I , (2.41)

where Ψ is the generating functional of the canonical transformations. The bracket (·, ·)^′ is the bracket defined in (2.22) with the coordinates φ_I and φ^∗_I replaced by the new variables. The transformations of the new fields are computed using again the bracket

s φ^′_I = ( S[φ^′, φ^{′ ∗}], φ^′_I )_′ , s φ^{′∗}_I = (S[φ^′, φ^{′∗}], φ^{′∗}_I )^′ , (2.42)

and they extend the rules given in equation (2.39). If the canonical transformations can be chosen in such a way that the new BRST transformation rules (2.42) are of the type given in equation (2.39) (with (R^′)^α_i [φ^′] at most a linear function of φ^′) or completely linear in

– 13 – the quantum fields (as it happens for the twisted version of N = 2 SYM we will analyse in section 3.1), we can split the fields and the antifields by

φ^′_I = φ̂^′_I + ξ_I , φ^{′∗}_I = φ̂^{′∗}_I + ξ^∗_I , (2.43)

where φ̂^′_I and φ̂^{′∗}_I are the background fields. The latter transform according to (2.42) where φ_I and φ^∗_I are replaced by the corresponding background fields. Notice that the canonical transformations do not need to be linear and in general they are analytical functions of the fields and antifields.

Even if the background fields φ^∗_I for the antifields are in principle not necessary, we found them useful as bookkeeping of the transformation rules for the background fields and they prove to be convenient in order to formulate the canonical transformation in equation (2.41).

By an other (inverse) canonical transformation, we can re-express the new variables φ^′_I and φ^{′∗}_I in terms of the older ones: this leads to the relation between the original fields φ_I and φ^∗_I and the quantum fields ξ_I and ξ^∗_I .

2.4 A simple example

As a warming-up example, we consider the simple topological Yang-Mills theory. This example is interesting because it displays some of the features of the N = 2 model that will be discussed later, but at the same time is very simple. In the present example we will show how to construct the BFM by using the Jordan form of the BRST differential, which can be reached in the present model by a simple field redefinition, and how to use the BFM to characterize the BRST cohomology and the physical observables of the theory.

The observables of the theory are not defined in terms of the BRST cohomology only, but a supplementary condition is needed. In fact, H(s) and H(s|d) are empty for any ghost number. This can be easily verified by using a suitable canonical transformation of variables which brings all the transformation rules into the form of trivial pairs (sU = V and sV = 0). This is discussed in the next paragraphs. On the other side one can define a new nilpotent BRST-like operator w associated with the gauge invariance and with the independence of the classical ungauged action from the ghost field c, such that the observables are identified by the cohomologies H_{basic}(s) = { H(s|B)|wB = 0 } , H_{basic}(s|d) = { H(s|B)|wB = dX } . (2.44)

Here B is the space of basic forms which are gauge-invariant and do not depend on the ghost c. In the following we will construct the BRST-like operator w and discuss the relation with the BFM.

The topological Yang-Mills theory is described by the BRST transformations: s A = ψ − ∇c , s ψ = [ψ, c] − ∇ϕ , s c = ϕ − 1 2 [c, c] , s , ϕ = [ϕ, c] , (2.45) for the fields φ_I = {A, c, ψ, ϕ} and s A^∗ = −[A^∗, c] − [ψ^∗, ϕ] ,

– 14 – s ψ^∗ = A^∗ + [ψ^∗, c] , s c^∗ = ∇A^∗ + [ψ^∗, ψ] + [ϕ^∗, ϕ] + [c^∗, c] , s ϕ^∗ = c^∗ + ∇ψ^∗ + [ϕ^∗, c] , (2.46)

for the antifields φ^∗_I = {A^∗, c^∗, ψ^∗, ϕ^∗}. Fields and antifields are forms with values in the Lie algebra of the underlying gauge group. The antifields φ^∗_I are defined as the Hodge dual of the conventional definition, for example A^∗ = A^{∗μ}ϵ_{μνρσ} dx^ν dx^ρdx^σ is a 3-form in 4 dimensions. The background fields φ̂^I and φ̂^∗_I transform correspondingly, according to the considerations of the previous section. The fields φ̂^∗_I are introduced in order the quantum fields ξ_I to be coupled to their “quantum” antifields ξ^{∗I} , after the splitting.

It is easy to see that with the change of coordinates ψ^′ = ψ −∇c , ϕ^′ = ϕ−^1_2 [c, c] , A^{′ ∗} = A^∗ + [ψ^∗, c] and c^{′∗} = c^∗ + ∇ψ^∗ + [ϕ^∗, c], generated by the functional

Ψ[φ_I , φ^{′∗}_I ] = ∫ tr [ A^{′∗}A + c^{′∗}c + ψ^{′∗} (ψ − ∇c) + ϕ^{′∗} ( ϕ − 1 2 [c, c] )] , (2.47)

the BRST transformations (2.45) and (2.46) become linear in the new variables. This leads to the consequence that the cohomologies H(s) and H(s|d) are empty. Then we can split the new fields in a linear way by setting

A = Â + ξ_A , ψ^′ = ψ̂^′ + ξ^′_ψ , c = ĉ + ξ_c , ϕ^′ = ϕ̂^′ + ξ^′_ϕ , A^{′∗} = Â^{′∗} + ξ^′_A∗ , ψ^∗ = ψ̂^∗ + ξ_ψ∗ , c^{′∗} = ĉ^{′∗} + ξ^′_c∗ , ϕ^∗ = ϕ̂^∗ + ξ_ϕ∗ . (2.48)

The BRST transformations of the new variables are the obvious ones derived from equations (2.45) and (2.46), i.e. for instance in the case of the doublet (A, ψ^′): sÂ = ψ̂^′, s ξ_A = ξ^′_ψ, sψ̂^′ = 0 and sξ^′_ψ = 0. The old quantum fields are obtained by exploiting equation (2.45). For instance, in the case of ψ^′ we obtain

ψ = (ψ̂^′ + dĉ + [Â, ĉ]) + ξ^′_ψ + dξ_c + [Â, ξ_c] + [ξ_A, ĉ] + [ξ_A, ξ_c] . (2.49)

The terms in the round brackets are of order zero in the quantum fields, the remaining terms contain one or two powers of the quantum fields. Notice that the splitting in equation (2.49) is non-trivial and non-linear in the quantum fields.^5

To define the observables of the theory, we consider again the transformation rules given in (2.45) and those for the background fields s Â = Ω − ^∇ĉ , s Ω = [Ω, ĉ] − ^∇θ , s ĉ = θ − 1 2 [ĉ, ĉ] , s θ = [θ, ĉ] . (2.51)

5In several examples, one can use a superfield notation A = c+A+F^∗+ψ^∗+ϕ^∗ and B = ϕ+ψ+F +A^∗+c^∗. F is the field strength and F^∗ is the antifield associated with the condition of self-duality. The BRST transformations (2.45) and (2.46) can be written in a compact manner as

(s + d) A + A^2 = B , (s + d) B + [A, B] = 0 . (2.50)

Thus, by introducing the new variables B^′ = B − A^2 and A^′ = A, the BRST transformations are simplified and the splitting becomes trivial.

– 15 –

Again, it is convenient to redefine the fields Ω^′ = Ω − ^∇ĉ and θ^′ = θ −^1_2 [ĉ, ĉ] in order to simplify the relation between our notation and the one adopted in [24]. The definition of the basic forms is obtained by computing the kernel of the operator w A = −∇ĉ , w ψ = [ψ, ĉ] , w c = θ^′ + [c, ĉ] w ϕ = [ϕ, ĉ] , w ĉ = − 1 2 [ĉ, ĉ] , w θ^′ = [θ^′, ĉ] . (2.52)

As it can be readily seen the operator w is nilpotent and anticommutes with the BRST symmetry (2.45)–(2.51). This transformation rule can be extended in order to take into account the background field Â. We have in addition

w Â = − ^∇ĉ , w Ω^′ = [Ω^′, ĉ] . (2.53)

The transformation rules for the gauge field A and its partner Â are the usual background gauge transformations. The rule for the background ghost ĉ is the usual transformation for the gauge ghost. Notice that in addition the transformation for the ghost Ω^′ is the usual background trasformation. Finally, we have to point out that all the transformations given in (2.52) are linear in quantum fields and therefore they lead to linear WTI.

Comparing (2.52) with the operator w given in [24], one can see that all transformations do coincide except those for the background Â which are indeed new. The purpose of the operator w is to restrict the space of local operators to the sector of basic forms and it is fundamental to define the observables at the quantum level. It happens that the construction of this operator in the BFM context is completely natural since the fields ĉ and θ, necessary to implement the gauge transformations, are indeed present. We can therefore conclude that the restriction to the space of those background gauge-invariant polynomials which are independent of the ghost c (notice that this requirement is implemented by means of the linear shift into θ) gives the correct observables. The BFM is not only a useful tool to compute gauge-invariant operators correlation functions, but it is also fundamental to select the physical content of the theory.

Finally, we can summarize the results of the present section in the following remarks. We find out that, according to a cohomological analysis or by use of suitable field redefinitions, we can derive the splitting functions Π_ϕ, Π_ϕ∗ , . . . , Π_C∗ , such that the background gauge transformations of the quantum fields ξ^I_ϕ and ξ_{Cα} are linear in the quantum fields. By defining the operator N_ĉ = ∫ ĉ_αδ_{ĉα} , which counts the powers of the background ghost fields ĉ_α, we can decompose the BRST operator s in terms of eigenvalues of N_ĉ: s = s_0 + s_1 + ∑ n>1 s_n where s_0 represents the BRST operator for the classical BRST symmetry, s_1 entails the background gauge invariance, s_n with n > 1 describe the closure terms.

2.5 Background gauge fixing The splitting problem defines a change of variables such that the new quantum fields transform linearly under the background transformations. If the splitting problem cannot be solved, the background transformations cannot be defined, independently of the perturbative quantization of the theory. In those cases where the good variables, suited for the

– 16 – implementation of the BFM, have been found, an additional problem arises: is it possible to find a suitable gauge-fixing condition compatible with the invariance of the ungauged classical action under the WT background identities? This issue can be analysed in a very general setting within the BV formalism and has already been thoroughly considered in the literature.^6 Here we only discuss some aspects relevant to the simplest case of irreducible models.

In order to construct the quantum effective action in perturbation theory, we need to compute the propagators for all quantum fields ξ_{ϕi} of the theory. The ungauged classical action S, fulfilling the master equation

(S, S) = 0 , (2.54)

gives rise to a matrix of 2-point functions which is in general non-invertible. In order to remove this degeneracy, S must be modified by adding non-minimal sectors. Then one performs a canonical transformation, generated by the gauge-fixing fermion Ψ_{g.f.}, in such a way that the transformed classical action yields well-defined propagators for all quantum fields.

The ungauged classical action S depends on the background fields ϕ̂_i and on the new quantum fields ξ_{ϕi} . It fulfills the background WT identities, under which ξ_{ϕi} transform linearly. The addition of the non-minimal sectors, needed to fix the gauge, and the canonical transformation generated by the gauge-fixing fermion Ψ_{g.f.} should not break this WT invariance.

The minimal sectors we will analyse involve one generation of antighost fields c̄^α and Lagrange multipliers B^α, together with the corresponding antifields. The index α runs over those fields ϕ_α whose 2-point function matrix {Γ_{ϕαϕβ} =^{δ2S}_{δϕαδϕβ} }, computed from the ungauged classical action S, is not invertible.

As a first step, we add to the ungauged classical action S the non-minimal terms

S_{n.m.} = ∫ c̄^{∗α}B_α . (2.55)

Then we implement the gauge-fixing by means of a canonical transformation generated by the gauge-fixing fermion functional Ψ_{g.f.}[ϕ̂, ξ] = ∫ c̄^αF_α(ϕ̂_i, ξ_{ϕi} , ĉ^α, ξ_C ; B^α) . (2.56)

Let us denote by Γ^{(0)} the action obtained from S + S_{n.m.} after the gauge-fixing canonical transformation has been performed. The F_α in equation (2.56) are chosen in such a way that, after the canonical transformation, the complete matrix of the 2-point functions, computed from Γ^{(0)}, is invertible.

The extension of the background transformations to the generators (c̄^α, B^α) of the non-minimal sector must yield background transformations for (c̄^α, B^α) which are linear in the quantum fields. Moreover, we also require that the transformed gauge-fixed classical action Γ^{(0)} obeys the background WT invariance. This requirement is fulfilled if we impose that the functional Ψ_{g.f.} is background-gauge invariant:

δ_{bkg}Ψ_{g.f.} = 0 , (2.57)

6For a review see e.g. ref. [34].

– 17 – where δ_{bkg} denotes here the component of s of degree one in the background ghost fields (the generator of the background transformations), properly extended to the non-minimal sector. From equation (2.57) one gets

δ_{bkg}c̄^αF^α − c̄^αδ_{bkg}F^α = 0 . (2.58)

By taking into account the above equation and the requirement of the linearity of δ_{bkg}c̄^α we obtain δ_{bkg}c̄^α = M^{αβ} (ϕ̂, ĉ)c̄^β , (2.59)

where M^{αβ} (ϕ̂, ĉ) is independent of the quantum fields ξ_{ϕi} , c̄^α, B^a. Eq. (2.59) provides the natural definition for the background transformation of B^α:

δ_{bkg}B^α = M^{αβ} (ϕ̂, ĉ)B^β . (2.60)

By substituting eq. (2.59) into eq. (2.58) we get that the functions F_α(ϕ̂_i, ξ_{ϕi} , ĉ^α, ξ_c ; B^α) should transform as follows under δ:

δ_{bkg}F^α = M^{βα}F_β . (2.61)

The fact that the fields ξ_{ϕi} and ξ_C transform under linear background gauge transformations simplifies the construction of the functions F_α: it turns out that in many cases, as for instance in ordinary gauge theories, they can be obtained from their backgroundindependent component by covariantizing the differential operators with respect to the background fields.

The case of TYM, which we will analyse in section 3.1, is rather peculiar. There we first perform the gauge-fixing of the classical action in terms of the original unsplitted variables. The solution to the splitting problem yields for TYM a set of variables that transform linearly under the full BRST differential, which can hence be identified with the generator of the background symmetry. As a consequence, the gauge-fixing term does not need to be modified to respect the background invariance.

Once a background covariant gauge-fixing has been introduced, the quantum effective action can be constructed in perturbation theory. The symmetry requirements of background invariance and ST invariance at the quantum level can be discussed along the lines of [26, 11, 2, 3].

As a final point, we would like to emphasize that the BFM construction of physical connected amplitudes requires the introduction of an additional gauge-fixing term for the classical background gauge fields [2]. The latter does not affect the computation of the quantum effective action and only enters in the BFM computation of connected amplitudes of BRST-invariant local operators. A complete discussion of the interplay between this background gauge-fixing term, the background WT identities and the ST identities is provided in [2, 3].

– 18 –

3. N = 2 super Yang-Mills

3.1 Topological Yang-Mills theory

In this section we show how the background field method can be implemented for N = 2 super-Yang-Mills in the Wess-Zumino gauge. We will work within the flat euclidean spacetime. In order to construct the correct splitting of the fields into a background and a quantum part, with the latter transforming linearly under the background symmetry, we consider the off-shell formulation of the supersymmetry algebra of twisted N = 2 super- Yang-Mills in the Wess-Zumino (WZ) gauge.

In the off-shell formulation the fields of N = 2 super-Yang-Mills in the WZ gauge consist of a gauge field A_μ, two spinors ψ^i_α, i = 1, 2 and the conjugate ψ̄^i_{α̇}, two scalars ϕ, ϕ̄ (ϕ̄ being the complex conjugate of ϕ) and an SU(2) triplet of auxiliary fields b^{ij} = b^{ji}, i, j = 1, 2. After the twisting and the identification of the interal index i with the spinor index α, the spinor ψ̄^i_{α̇} can be related to an anticommuting vector ψ_μ given by

ψ_μ = (σ̄_μ)^{α̇α}ψ̄_{αα̇} . (3.1)

The fields ψ_{αβ} are decomposed into their symmetric component ψ_{(αβ)} and their antisymmetric component ψ_{[αβ]}:

ψ_{αβ} = ψ_{(αβ)} + ψ_{[αβ]} . (3.2)

ψ_{(αβ)} is related to an antisymmetric self-dual anticommuting field χ_{μν} via the definition

χ_{μν} = χ̃_{μν} = (σ_{μν} )^{αβ} ψ_{(αβ)} (3.3)

where χ̃_{μν} =^1_2 ϵ_{μνρσ} χ^{ρσ}.

The antisymmetric component ψ_{[αβ]} is associated to the anticommuting scalar η given by η = ϵ^{αβ}ψ_{[αβ]} . (3.4)

Finally the auxiliary fields b_{αβ} are related to the antisymmetric commuting self-dual field b_{μν} defined by b_{μν} = (σ_{μν} )^{αβ} b_{αβ} . (3.5)

Therefore the off-shell multiplet of N = 2 super-Yang-Mills in the Wess-Zumino gauge (A_μ, ψ^i_α, ψ̄^i_{α̇}, ϕ, ϕ̄, b^{ij} ) is transformed into the twisted multiplet (A_μ, ψ_μ, χ_{μν} , η, ϕ, ϕ̄, b_{μν} ) , providing the field content of topological Yang-Mills theory (TYM) in the off-shell formulation.

– 19 –

The classical action of TYM is given by S_{T Y M} = 1 g^2 Tr ∫ d^4x ( + 1 2 F^−_{μν} F^{μν−} − 1 2 b_{μν} b^{μν} − χ^{μν} (D_μψ_ν − D_ν ψ_μ)^− + + ηD_μψ^μ − 1 2 ϕ̄D_μD^μϕ + 1 2 ϕ̄{ψ^μ, ψ_μ} − − 1 2 ϕ {χ^{μν} , χ_{μν} } − 1 8 [ϕ, η]η − 1 32 [ϕ, ϕ̄][ϕ, ϕ̄] ) . (3.6)

The action in equation (3.6) coincides with the one given in [20] when the equation of motion for the auxiliary field b_{μν} is imposed. D_μ is the covariant derivative given by D_μ(·) = ∂_μ · +[A_μ, ·]. We denote by a − the self-dual component of a tensor, so that

F^−_{μν} = F_{μν} + 1 2 ϵ_{μνρσ} F^{ρσ} . (3.7) F^−_{μν} fulfills F̃^−_{μν} = 1 2 ϵ_{μνρσ}F^{ρσ−} = F^−_{μν} . (3.8) As is well-known [20], the classical TYM action can be regarded as the twisted version of N = 2 super-Yang-Mills theory in the Wess-Zumino gauge. As a consequence, in addition to gauge invariance, the classical TYM action exhibits further symmetries generated by the twisted N = 2 supersymmetry generators [20]. The set of these generators contains a scalar generator δ, a vector generator δ_μ and a self-dual tensor generator δ_{μν} , where δ is to be identified with Witten’s fermionic symmetry [35].

For our purposes we find it convenient to gather the BRST symmetry s, issued from gauge invariance of S_{T Y M} in equation (3.6), the scalar symmetry δ and the vector symmetry δ_μ, together with translation invariance, into a single BRST differential Q [20], given by

Q = s + ωδ + ϵ^μδ_μ + v^μ∂_μ − ϵ^μ ∂ ∂v^μ . (3.9)

Here, ω is a commuting constant external source associated with Witten’s fermionic symmetry. We remark that, unlike in [20], ω does not carry any ghost number. This is reflected in our assignment of the ghost number for the fields of the model: ψ_μ is assumed to carry ghost number 1, ϕ ghost number 2, χ_{μν} and η ghost number −1, while ϕ̄ carries ghost number −2; A_μ and b_{μν} carry zero ghost number. The constant external source associated with the vector symmetry is denoted by ϵ^μ, the constant external source associated with translations by v^μ. With our assignments, ϵ_μ carries ghost number 2, while v^μ carries ghost number 1.

As noted in [20], we can discard the tensor generator δ_{μν} , since it does not carry additional information with respect to the subalgebra generated by s, δ, δ_μ and ∂_μ. The explicit form of the operator Q is given in appendix A. Since we are using the off-shell formalism with the auxiliary fields b_{μν} , Q^2 = 0. In the on-shell formalism adopted e.g. in [20], where the auxiliary fields b_{μν} are eliminated via their equation of motion, the operator Q is nilpotent only modulo the equations of motions of ψ_μ and χ_{μν} ; the corresponding STI can be written by adding suitable terms quadratic in the antifields coupled to ψ_μ and χ_{μν} .

– 20 –

We can now gauge-fix the classical TYM action by choosing [20]: S_{gf} = Q ∫ d^4x Tr (c̄∂A)

= Tr ∫ d^4x ( b∂A + c̄∂^μD_μc − ωc̄∂^μψ_μ − ϵ^ν 2 c̄∂^μχ_{νμ} − ϵ^μ 8 c̄∂_μη ) . (3.10)

In the above equation c̄ is the antighost field and b is the Nakanishi-Lautrup multiplier field. The gauge-fixed classical action

Σ = S_{T Y M} + S_{gf} (3.11)

is Q-invariant.

In order to write the ST identities we couple the Q-variations of the fields to the corresponding antifields as follows:

S_{ext} = Tr ∫ d^4x ( c^∗Qc + ϕ^∗Qϕ + A^{μ∗}QA_μ + ψ^{μ∗}Qψ_μ + c̄^∗Qc̄ + + b^∗Qb + ϕ̄^∗Qϕ̄ + η^∗Qη+ 1 2 χ^{μν∗}Qχ_{μν} + 1 2 b^{μν∗}Qb_{μν} ) +v^{μ∗}Qv_μ . (3.12)

The full classical action is then given by

Γ^{(0)} = S_{T Y M} + S_{gf} + S_{ext} (3.13)

and fulfills the following ST identities:

S(Γ^{(0)}) = Tr ∫ d^4x ( δΓ^{(0)} δA^μ δΓ^{(0)} δA^{μ∗} + δΓ^{(0)} δψ^{μ∗} δΓ^{(0)} δψ^μ + δΓ^{(0)} δc^∗ δΓ^{(0)} δc + δΓ^{(0)} δϕ^∗ δΓ^{(0)} δϕ + δΓ^{(0)} δϕ̄^∗ δΓ^{(0)} δϕ̄ +

+ δΓ^{(0)} δη^∗ δΓ^{(0)} δη + 1 2 δΓ^{(0)} δχ^{μν∗} δΓ^{(0)} δχ_{μν} + 1 2 δΓ^{(0)} δb^{μν∗} δΓ^{(0)} δb_{μν} + δΓ^{(0)} δc̄^∗ δΓ^{(0)} δc̄ + + δΓ^{(0)} δb^∗ δΓ^{(0)} δb ) + δΓ^{(0)} δv^∗_μ δΓ^{(0)} δv^μ = 1 2 ( Γ^{(0)}, Γ^{(0)} ) = 0 , (3.14)

where the bracket is defined as (X, Y ) = ∫ d^4x ∑ I σ_I ( δX δΦ_I δY δΦ^∗_I − (−1)^{(ϵX +1)} δX δΦ^∗_I δY δΦ_I ) . (3.15)

In the above equation, Φ_I = {A_μ, ψ_μ, χ_{μν} , b_{μν} , η, ϕ̄, c, ϕ, c̄, b, v_μ} and σ_I = 0 for all fields but χ_{μν} , b_{μν} , for which σ_{χμν} = σ_{bμν} = 1/2. This factor is needed to take into account antisymmetry in the Lorentz indices of χ_{μν} , b_{μν} . the term ϵ(X) stands for the statistics of X (ϵ(X) = 0 if X is a boson, ϵ(X) = 1 is X is a fermion).

We also introduce the linearized ST operator Q̃, given by

Q̃ = ( Γ^{(0)}, · ) . (3.16)

– 21 –

Now we redefine the fields as follows: ωψ^′_μ − ∂_μc ≡ Q̃A_μ = ωψ_μ − ∂_μc + · · · , ωb^′_{στ} ≡ Q̃χ_{στ} = ωb_{στ} + · · · , 2ωη^′ = Q̃ϕ̄ = 2ωη + · · · , −ω^2ϕ^′ = Q̃c = −ω^2ϕ + · · · , b^′ = Q̃c̄ = b + v^μ∂_μc̄ , (3.17)

while we leave all other fields unchanged. Notice that this transformation is invertible. Apart from the fields (A_μ, ψ^′_μ) only Q̃-doublets are now present. Notice that the transformation generated by Q̃ in equation (3.17) is now linear in the new quantum fields.

Explicitly we get:

ψ^′_μ = ψ_μ − 1 ω [A_μ, c] + ϵ^ν 2ω χ_{νμ} + ϵ_μ 8ω η + v^ν ω ∂_ν A_μ , b^′_{στ} = b_{στ} + 1 ω {c, χ_{στ} } + F^−_{στ} + ϵ^μ 8ω (ϵ_{μστ ν} + g_{μσ} g_{ντ} − g_{μτ} g_{νσ})D^νϕ̄ + v^ν ω ∂_ν χ_{στ} , η^′ = η + 1 2ω [c, ϕ̄] + 1 2ω v^ν ∂_νϕ̄ , ϕ^′ = ϕ − 1 ω^2 c^2 + ϵ^μ ω^2 A_μ − ϵ^2 16ω^2 ϕ̄ + v^ν ω^2 ∂_ν c , b^′ = b + v^μ∂_μc̄ . (3.18)

The role played by ϵ_μ and v_μ is rather suggestive: they can be thought as background fields entering into the field redefinition. From the cohomological point of view this is confirmed by the fact that (v^μ, ϵ^μ) form a set of doublets under Q̃. We remark that the field redefinition in equation (3.17) gives terms that are not analytic in ω. We will discuss in section 3.2 how the BFM allows naturally to recover the observables of the model by taking into account the relevant equivariant cohomology of TYM.

At this point we can perform a linear splitting in the primed variables

ψ^′_μ = ψ̂_μ + ξ_{ψμ} , b^′_{στ} = b̂_{στ} + ξ_{bστ} , η^′ = η̂ + ξ_η , ϕ^′ = ϕ̂ + ξ_ϕ , b^′ = b̂ + ξ_b , (3.19) and then go back to reconstruct the full non-linear splitting, making use of equation (3.18). Notice that also the fields that are unchanged under the field redefinition in equation (3.17) are understood to be splitted into a background and a quantum part: A_μ = Â_μ + ξ_{A,μ} , χ_{στ} = χ̂_{στ} + ξ_{χ,στ} , ϕ̄ = ^̄ϕ + ξ¯_ϕ , c = ĉ + ξ_c , c̄ = ^̄c + ξ_{c̄} . (3.20)

The corresponding BRST transformations of the new variables are given by Q̃Â_μ = ωψ̂_μ − ∂_μĉ , Q̃ψ̂_μ = −ω∂_μϕ̂ , Q̃ξ_{A,μ} = ωξ_{ψμ} − ∂_μξ_c , Q̃ξ_{ψμ} = −ω∂_μξ_ϕ , (3.21) Q̃χ̂_{στ} = b̂_{στ} , Q̃b̂_{στ} = 0 , Q̃ξ_{χ,στ} = ξ_{b,στ} , Q̃ξ_{b,στ} = 0 , (3.22) and analogously for the other sets of Q̃-doublets.

– 22 –

As an example, in the case of ψ_μ we get

ψ_μ = ψ̂_μ + ξ_{ψμ} + 1 ω [Â_μ, ĉ] + 1 ω [Â_μ, ξ_c] + 1 ω [ξ_{A,μ}, ĉ] + 1 ω [ξ_{A,μ}, ξ_c] − − ϵ^ν 2ω (χ̂_{νμ} + ξ_{χ,μν} ) − v^ν ω ∂_ν (Â_μ + ξ_{A,μ}) − − ϵ_μ 8ω ( η̄ + ξ_η − 1 2ω [ĉ, ^̄ϕ] − 1 2ω [ĉ, ξ¯_ϕ] − − 1 2ω [ξ_c, ^̄ϕ] − 1 2ω [ξ_c, ξ¯_ϕ] − 1 2ω v^ν ∂_ν ( ^̄ϕ + ξ¯_ϕ) ) . (3.23)

Note that this splitting contains terms that are non-linear in the quantum fields.

We recover the original Q̃ transformation of ψ_μ by acting with the Q̃ transformations in equation (3.21) on the r.h.s. of equation (3.23).

We remark that, since the change of variables in equation (3.17) only involves fields, it is automatically a canonical transformation in the space spanned by the fields and the antifields of the model. This is analogous to the previous example of TYM. Therefore we do not modify the cohomology of the model while implementing the background splitting. In section 3.2 we show how to recover the relevant equivariant cohomology from the BFM.

A comment on the gauge-fixing function for TYM is in order. In the case of TYM we have been able to prove that the original BRST symmetry can be linearized by a suitable change of variables. This change of variables can be implemented via a canonical transformation, thus leaving the cohomology invariant. As a consequence, the classical ST identities in equation (3.14) hold. Moreover, they are already linear in the quantum fields, when expressed in terms of the new variables. We remark that these identities are fulfilled by the classical action whose gauge-fixing condition is the one given in equation (3.10). No special choice of the gauge-fixing function is needed in the present case, since the full BRST symmetry becomes linear. This should be compared with the different situation in ordinary Yang-Mills theory (see section 2.1). In these case the full BRST transformation cannot be cast in a linear form (see equation (2.11)), but one can establish an additional background WT identity, provided that a suitable background-dependent choice of the gauge-fixing function is made, as discussed in section 2.5.

With the conventions of [20] on supersymmetry in euclidean space-time we can go back to the original model N = 2 SYM by using the map

ψ_{(αβ)} = 1 4 (σ^{μν} )_{αβ} χ_{μν} , ψ_{[αβ]} = 1 2 ϵ_{αβ}η , ψ̄_{αα̇} = −1 2 (σ^μ)_{αα̇}ψ_μ , b_{αβ} = 1 4 (σ^{μν} )_{αβ} b_{μν} , (3.24)

while the fields A_μ, ϕ, ϕ̄ are mapped into themselves. Due to the linearity of this map, the correct background splitting of the original N = 2 multiplet in the WZ gauge can be directly recovered from the splitting of the twisted multiplet of TYM.

3.2 Equivariant cohomology for TYM and the BFM We showed that in order to introduce the BFM for N = 2 SYM, it is convenient to perform the twisting of the fields and to rewrite the theory as a topological model. By the

– 23 – canonical change of variables in equation (3.17) the BRST operator Q can be cast in the form Q = ∫ d^4xVδ/δU, hence the cohomology of Q in the space of local formal power series vanishes. In addition, we know that N = 2 SYM has a physical set of observables whose correlation functions do not vanish. Hence the observables of the theory should be defined not as the BRST cohomology on the entire space, but the latter should be restricted to a suitable subspace.

Following [24], the correct set of observables is given by the BRST cohomology computed in the space of gauge invariant polynomials which are independent of the gauge ghost (in the literature this space is denoted as the space of basic forms). Within the BFM the observables are defined as the BRST cohomology computed in the space of background gauge invariant polynomials which are independent of the gauge ghost c. This suggests that there exists a new nilpotent BRST operator w, associated with the background gauge symmetry (as in the example in section 2.4), which permits to select the space of basic forms.

As has been discussed in the previous section, we have to give up the analyticity in the ghost ω in order to implement consistently the splitting and the background invariance (with respect to the full BRST transformation generated by Q) of the theory. However, the analiticity in ω turned to be a crucial ingredient in the analysis performed in [20]. There, it has been shown how the request of analyticity allows to select the correct equivariant cohomology. Moreover, it can be proven that by introducing a suitable grading of the fields in the theory the equivariant cohomology can always be selected by the space of polynomials in ω. We cannot impose the analyticity requirement in order to identify the correct subspace, but we can construct a new differential w whose kernel identifies the basic forms. The differential w is associated to the background gauge symmetry of the theory, therefore we neglect for the moment the contributions due to the supersymmetry and translations by setting ϵ^μ = v^μ = 0. We will also drop the non-minimal doublets (c̄, b) since they are cohomologically trivial.

The powers of ω entering the Q-transformations induce a grading under which we can decompose Q as a sum of three terms:

Q = Q̃_{−1} + ωQ̃_0 + ω^2Q̃_1 . (3.25)

Explicitly, we have

Q̃_0A_μ = ψ_μ , Q̃_0ψ_μ = −D_μϕ , Q̃_0χ_{στ} = F^−_{στ} + b_{στ} , Q̃_0b_{μν} = −(D_μψ_ν − D_ν ψ_μ)^− + [χ_{μν} , ϕ] ,

Q̃_0η = 1 2 [ϕ, ϕ̄] , Q̃_0ϕ = 0 , Q̃_0ϕ̄ = 2η , Q̃_0c = 0 . (3.26)

It is convenient to introduce b̃_{στ} = F^−_{στ} + b_{στ} and ϕ̄ →^{ϕ̄}_2 to simplify these transformation rules. Now it is clear that Q̃_0 is the de Rham operator and (Q̃_0)^2 = L_ϕ where L_ϕ is the Lie derivative generated by the field ϕ. The cohomology that we are looking for is the de

– 24 –

Rham cohomology on the space of polynomials which are gauge invariant and independent of the ghost c. This means that the operator w we are looking for is given by wA_μ = −D_μĉ , wψ_μ = {ĉ, ψ_μ} , wχ_{στ} = {ĉ, χ_{στ} } , wb̃_{μν} = [ĉ, b̃_{μν} ] , wη = {ĉ, η} , wϕ = [ĉ, ϕ] , wϕ̄ = [ĉ, ϕ̄] , wc = {ĉ, c} − ϕ̂ , wĉ = ĉ^2 , wϕ̂ = [ĉ, ϕ̂] , (3.27)

The fields ĉ and ϕ̂ correspond to the background ghost field and to the background of ϕ respectively. Their BRST transformation are the usual contractible pair transformation

Q̃_1ĉ = −ϕ̂ , Q̃_1ϕ̂ = 0 . (3.28)

As explained in the previous section, we also have all the background fields present. They transform under the BRST symmetry in the standard way, and under w as a gauge transformation generated by ĉ: wÂ_μ = −D̂_μĉ , wψ̂_μ = {ĉ, ψ̂_μ} , wχ̂_{στ} = {ĉ, χ̂_{στ} } , w^̃b_{μν} = [ĉ, ^̃b_{μν} ] , wη̂ = {ĉ, η̂} , w ^̄ϕ = [ĉ, ^̄ϕ] . (3.29) The operator w generates the gauge transformations of the model. Being linear in the quantum fields, it is possible to write linear WTI. We notice that by imposing the BRST invariance, and being all the background fields cohomologically trivial, it turns out that the observables will depend only upon the original fields. Finally, the background gauge invariance, as expressed by equations. (3.27) and (3.29), selects the gauge invariant observables. The linear shift of the background gauge transformation of c implies that a gauge invariant operator annihilated by w is independent of c. According to [24], the basic forms are identified with those local integrated functionals belonging to the kernel of w.

The analysis of the cohomology follows the discussion of [23]. We only point out that the generators of the equivariant cohomology classes are given by the polynomials

P (ϕ) = ∑ n c_n Tr(ϕ̂ + ξ_ϕ)^{2n} (3.30)

where c_n are numeric coefficients and the field ϕ is split into the quantum and background part. The combination ϕ̂ + ξ_ϕ is fixed by the BRST symmetry and by the background gauge symmetry.

In addition, we have that these polynomials are not BRST exact, indeed if they were they would have the form

P (ϕ) = ∑ n c_nQ ( Tr(ĉ + ξ_c)(ϕ̂ + ξ_ϕ)^{2n−1} + · · · ) , (3.31)

but Tr(ĉ + ξ_c)(ϕ̂ + ξ_ϕ)^{2n−1} + · · · do not belong to the kernel of w since ĉ transforms into ϕ̂.

– 25 –

Following the discussion in [23], there are further cohomological classes that are not eliminated by the previous argument, based on the background gauge invariance, for instance the operator: Δ_{μν} = ( F^−_{μν} + b_{μν} ) ϕ . (3.32)

This operator is not related to any observables of the N = 2 SYM theory and therefore it should be absent from the cohomology. In [23] it is excluded by imposing the supersymmetry with ϵ^μ. In our framework, by taking into account the complete background symmetry for the complete differential Q instead of its gauge part, we found that the invariance under Q (which now contains the supersymmetry in its twisted version) excludes Δ_{μν} .

4. Conclusions and outlook

We have discussed the implementation of the background field method from the geometrical point of view. Within the BV formalism we have shown how the method should be generalized so as to deal with open algebras and field-dependent structure constants. This requires the identification of the proper space of variables on which the BFM splitting problem can be defined. In addition, we have underlined the similarity between the background field method and the BRST symmetry for topological gauge theories. Using this idea, we have been able to formulate the BFM for N = 2 SYM by introducing a field redefinition that brings the model in its topological twisted version. Therefore, the required field splitting can be implemented by a canonical transformation. We have analysed the compatibility of this field redefinition with the gauge-fixing procedure. Finally we have shown that the BRST symmetry plus the background symmetry (which is now extended to all the symmetries of the model) lead to the correct equivariant cohomology, needed to define the proper set of observables in N = 2 SYM. These results should be regarded as a step towards the construction of a super BFM for the MSSM.

Acknowledgments

We would like to thank R. Stora, P. van Nieuwenhuizen and M. Roček for useful discussions and comments. A.Q. and T.H. would like to thank Milan University, and P.A.G. CERN and Milan University for the kind hospitality. The research of P.A.G. is supported by the Grant PHY-0098526.

A. BRST transformations for TYM

The operator Q in equation (3.9) acts as follows on the fields of TYM: QA_μ = −D_μc + ωψ_μ + ϵ^ν 2 χ_{νμ} + ϵ_μ 8 η + v^ν ∂_ν A_μ , Qψ_μ = {c, ψ_μ} − ωD_μϕ + ϵ^ν ( F_{νμ} − 1 2 F^−_{νμ} − 1 4 b_{νμ} ) − ϵ_μ 16 [ϕ, ϕ̄] + v^ν ∂_ν ψ_μ ,

– 26 –

Qχ_{στ} = {c, χ_{στ} } + ωF^−_{στ} + ωb_{στ} + ϵ^μ 8 (ϵ_{μστ ν} + g_{μσ} g_{ντ} − g_{μτ} g_{νσ}) D^νϕ̄ + v^ν ∂_ν χ_{στ} , Qb_{μν} = [c, b_{μν} ] + ω(−(D_μψ_ν − D_ν ψ_μ)^− + [χ_{μν} , ϕ]) − ( ϵ_μ(D^τ χ_{ντ} − D^τ χ_{τ ν} + ϵ_{νγλτ} D^γ χ^{λτ} ) + ϵ_μD_ν η − ϵ_μ[ψ_ν , ϕ̄] )_− + v^ρ∂_ρb_{μν} , Qη = {c, η} + ω 2 [ϕ, ϕ̄] + ϵ^μ 2 D_μϕ̄ + v^ν ∂_ν η , Qϕ = [c, ϕ] − ϵ^μψ_μ + v^ν ∂_ν ϕ , Qϕ̄ = [c, ϕ̄] + 2ωη + v^ν ∂_νϕ̄ , Qc = c^2 − ω^2ϕ − ϵ^μA_μ + ϵ^2 16 ϕ̄ + v^ν ∂_ν c , Qv^μ = −ωϵ^μ , Qϵ^μ = 0 , Qω = 0 , Qc̄ = b + v^μ∂_μc̄ , Qb = ωϵ^μ∂_μc̄ + v^μ∂_μb . (A.1)

References

[1] L.F. Abbott, M.T. Grisaru and R.K. Schaefer, The background field method and the S matrix, Nucl. Phys. B 229 (1983) 372.

[2] C. Becchi and R. Collina, Further comments on the background field method and gauge invariant effective actions, Nucl. Phys. B 562 (1999) 412 [hep-th/9907092].

[3] R. Ferrari, M. Picariello and A. Quadri, Algebraic aspects of the background field method, Ann. Phys. (NY) 294 (2001) 165 [hep-th/0012090].

[4] H. Kluberg-Stern and J.B. Zuber, Ward identities and some clues to the renormalization of gauge invariant operators, Phys. Rev. D 12 (1975) 467; Ward identities and some clues to the renormalization of gauge invariant operators, Phys. Rev. D 12 (1975) 467.

[5] L.F. Abbott, The background field method beyond one loop, Nucl. Phys. B 185 (1981) 189.

[6] P.A. Grassi, T. Hurth and M. Steinhauser, Practical algebraic renormalization, Ann. Phys.

(NY) 288 (2001) 197 [hep-ph/9907426];

Non-invariant two-loop counterterms for the three-gauge-boson vertices, J. High Energy Phys. 11 (2000) 037 [hep-ph/0011067];

P.A.Grassi and T.Hurth, On the two-loop electroweak amplitude of the muon decay, in Proc. of the 5th International Symposium on Radiative Corrections (RADCOR 2000), H.E. Haber ed., hep-ph/0101183;

P.A. Grassi, T. Hurth and M. Steinhauser, The algebraic method, Nucl. Phys. B 610 (2001) 215 [hep-ph/0102005].

[7] R. Ferrari, M. Picariello and A. Quadri, An approach to the equivalence theorem by the Slavnov-Taylor identities, J. High Energy Phys. 04 (2002) 033 [hep-th/0203200].

[8] P.S. Howe, G. Papadopoulos and K.S. Stelle, The background field method and the nonlinear sigma model, Nucl. Phys. B 296 (1988) 26.

– 27 –

[9] A. Denner, G. Weiglein and S. Dittmaier, Application of the background field method to the electroweak standard model, Nucl. Phys. B 440 (1995) 95 [hep-ph/9410338].

[10] P.K. Townsend, Three lectures on quantum supersymmetry and supergravity: 1.

Counterterms. 2. Nonrenormalization theorems. 3. Chiral anomalies, Cambridge Print-84-0712 in proceedings of Supersymmetry and supergravity ’84, pp. 400–(425.

[11] P.A. Grassi, Renormalization of non-semisimple gauge models with the background field method, Nucl. Phys. B 560 (1999) 499 [hep-th/9908188].

[12] S. Ichinose and M. Omote, Renormalization using the background field method, Nucl. Phys. B 203 (1982) 221;

D.M. Capper and A. MacLean, The background field method at two loops: a general gauge Yang-Mills calculation, Nucl. Phys. B 203 (1982) 413.

[13] J. Honerkamp, Chiral multiloops, Nucl. Phys. B 36 (1972) 130.

[14] K. Skenderis, Background gauge invariance in the antifield formalism for theories with open gauge algebras, Class. and Quant. Grav. 12 (1995) 2487 [hep-th/9410116].

[15] S. Ferrara and O. Piguet, Perturbation theory and renormalization of supersymmetric Yang-Mills theories, Nucl. Phys. B 93 (1975) 261;

N. Maggiore, Off-shell formulation of N = 2 super Yang-Mills theories coupled to matter without auxiliary fields, Int. J. Mod. Phys. A 10 (1995) 3937 [hep-th/9412092]; N. Maggiore, O. Piguet and S. Wolf, Algebraic renormalization of N = 1 supersymmetric gauge theories, Nucl. Phys. B 458 (1996) 403 [hep-th/9507045], erratum ibid. B469 (1996) 513; Algebraic renormalization of N = 1 supersymmetric gauge theories with supersymmetry breaking masses, Nucl. Phys. B 476 (1996) 329 [hep-th/9604002].

[16] W. Hollik, E. Kraus and D. Stockinger, Renormalization and symmetry conditions in supersymmetric QED, Eur. Phys. J. C 11 (1999) 365 [hep-ph/9907393]; Renormalization of supersymmetric Yang-Mills theories with soft supersymmetry breaking, Eur. Phys. J. C 23 (2002) 735 [hep-ph/0007134];

W. Hollik et al., Renormalization of the minimal supersymmetric standard model, Nucl. Phys. B 639 (2002) 3 [hep-ph/0204350].

[17] E. Kraus, Calculating the anomalous supersymmetry breaking in super-Yang-Mills theories with local coupling, Phys. Rev. D 65 (2002) 105003 [hep-ph/0110323].

[18] M.T. Grisaru, W. Siegel and M. Roček, Improved methods for supergraphs, Nucl. Phys. B 159 (1979) 429;

M.T. Grisaru, M. Roček and W. Siegel, Zero three loop beta function in N = 4 super Yang-Mills theory, Phys. Rev. Lett. 45 (1980) 1063;

Superloops 3, beta 0: a calculation in N = 4 Yang-Mills theory, Nucl. Phys. B 183 (1981) 141;

S.J. Gates, M.T. Grisaru, M. Roček and W. Siegel, Superspace, or one thousand and one lessons in supersymmetry, Front. Phys. 58 (1983) 1 [hep-th/0108200]; I.L. Buchbinder, E.I. Buchbinder, S.M. Kuzenko and B.A. Ovrut, The background field method for N = 2 super Yang-Mills theories in harmonic superspace, Phys. Lett. B 417 (1998) 61 [hep-th/9704214];

A.Brignole, One-loop Kähler potential in non-renormalizable theories, Nucl. Phys. B 579 (2000) 101 [hep-th/0001121].

– 28 –

[19] P. Breitenlohner and D. Maison, Renormalization of supersymmetric Yang-Mills theories, in proceedings of the conference Supersymmetry and its applications, Cambridge 1985, pp. 309–327.

[20] F. Fucito et al., Algebraic renormalization: perturbative twisted considerations on topological Yang-Mills theory and on N = 2 supersymmetric gauge theories, hep-th/9707209.

[21] J.H. Horne, Superspace versions of topological theories, Nucl. Phys. B 318 (1989) 22.

[22] K. Ulker, N = 2 super Yang-Mills action as a BRST exact term, topological Yang-Mills and instantons, hep-th/0304154.

[23] A. Tanzini, O.S. Ventura, L.C.Q. Vilar and S.P. Sorella, BRST cohomology of N = 2 super-Yang-Mills theory in four dimensions, J. Phys. G 26 (2000) 1117 [hep-th/9811191].

[24] S. Ouvry, R. Stora and P. van Baal, On the algebraic characterization of Witten’s topological Yang-Mills theory, Phys. Lett. B 220 (1989) 159.

[25] M. Henneaux and C. Teitelboim, Quantization of gauge systems, Princeton Universty Press, Princeton 1992, p. 520.

[26] P.A. Grassi, Stability and renormalization of Yang-Mills theory with background field method:

a regularization independent proof, Nucl. Phys. B 462 (1996) 524 [hep-th/9505101].

[27] A. Quadri, Algebraic properties of BRST coupled doublets, J. High Energy Phys. 05 (2002) 051 [hep-th/0201122].

[28] L. Baulieu and I. M. Singer, Topological Yang-Mills symmetry, PAR-LPTHE-88/18, presented at meeting on Conformal Field Theory and Related Topics, Annecy, France, 1988 ; D. Anselmi, Anomalies in instanton calculus, Nucl. Phys. B 439 (1995) 617 [hep-th/9411049].

[29] S.P. Sorella, Algebraic characterization of the topological sigma model, Phys. Lett. B 228 (1989) 69.

[30] J. Wess and B. Zumino, Supergauge transformations in four-dimensions, Nucl. Phys. B 70 (1974) 39; A lagrangian model invariant under supergauge transformations, Phys. Lett. B 49 (1974) 52.

[31] M. Picariello, A. Quadri and S.P. Sorella, Chern-Simons in the Seiberg-Witten map for non-commutative abelian gauge theories in 4d, J. High Energy Phys. 01 (2002) 045 [hep-th/0110101].

[32] M. Henneaux, Duality theorems in BRST cohomology, Ann. Phys. (NY) 194 (1989) 281.

[33] W. Troost, P. van Nieuwenhuizen and A. Van Proeyen, Anomalies and the Batalin-Vilkovisky lagrangian formalism, Nucl. Phys. B 333 (1990) 727.

[34] J. Gomis, J. Paris and S. Samuel, Antibracket, antifields and gauge theory quantization, Phys.

Rept. 259 (1995) 1 [hep-th/9412228].

[35] E. Witten, Topological quantum field theory, Commun. Math. Phys. 117 (1988) 353.

– 29 –